ABSTRACT. A fake quadric is a smooth projective surface that has the same rational cohomology as a smooth quadric surface but is not biholomorphic to one. We provide an explicit classification of all irreducible fake quadrics according to the commensurability class of their fundamental group. To accomplish this task, we develop a number of new techniques that explicitly bound the arithmetic invariants of a fake quadric and more generally of an arithmetic manifold of bounded volume arising from a form of SL 2 over a number field.
Introduction. Mumford asked in the early 1980s whether surfaces with geometric genus p g = 0 can be enumerated by computer. A major step toward answering this in the affirmative was the classification of fake projective planes, smooth projective surfaces with the same rational cohomology as P 2 C but not biholomorphic to it, by Prasad-Yeung [31] and Cartwright-Steger [12] . Another important family of surfaces with p g = 0 are fake quadrics, which are smooth projective surfaces with the same rational cohomology as, but not biholomorphic to, the quadric surface
The reducible fake quadrics, those finitely covered by a direct product of smooth projective curves, were classified by Bauer-Catanese-Grunewald [2] , and these fall into 18 families [3] . A fake quadric uniformized by the product H = H 2 × H 2 of two hyperbolic planes that is not reducible is called irreducible; irreducible fake quadrics are necessarily arithmetic (see §2) and thus are finite covers of quaternionic Shimura surfaces. Examples of irreducible fake quadrics are known [35, 36, 17] , and the contribution of this paper, analogous to the work of Prasad-Yeung [31] , is to classify the maximal irreducible lattices in the holomorphic isometry group Isom h (H) of H that contain the fundamental group of a fake quadric.
The broad strategy of our classification is to enumerate maximal arithmetic lattices of bounded covolume, which has been employed to solve a number of similar problems. However, the tools used in other contexts are thoroughly insufficient for enumerating fake quadrics. This paper introduces several new techniques that bring this problem into practical range. Our methods are relevant for studying arbitrary forms of SL 2 over number fields, where volume estimates for arithmetic lattices are often most subtle, and we present them in this generality.
Another important feature of this paper that does not appear in previous work on arithmetic fake quadrics and their generalizations is that we study all maximal lattices that can contain the fundamental group of a fake quadric. Previous papers only consider lattices in PGL + 2 (R) × PGL + 2 (R), which has index 2 in Isom h (H); the quotient is generated by the swap map, the holomorphic isometry that exchanges the two factors of H. In particular, there are torsion-free lattices Γ in Isom h (H) not contained in PGL + 2 (R) × PGL + 2 (R). We define the stable subgroup Γ st of a lattice Γ ≤ Isom h (H) to be the subgroup of elements that preserve the factors of H. As described below, the proof of our main results then follows from classifying the stable lattices of covolume equal to twice the volume of a fake 1 quadric. Due to the nature of the analytic bounds that one employs in this situation, the extra factor of 2 turns out to be quite significant. It is of both geometric and arithmetic interest when the stable subgroup Γ st of a lattice Γ ≤ Isom(H) is a proper subgroup, and we give a complete characterization in Theorem 2.3. For example, we show that Γ st = Γ when Aut(k) is trivial, where k is the trace field of Γ.
The main result of this paper is the following theorem.
Main Theorem. Let X = Γ\H be an irreducible fake quadric. Then Γ is a subgroup of one of the maximal arithmetic lattices in Isom h (H) enumerated in the Appendix.
Briefly, the Main Theorem is proven as follows. Equip H 2 with the usual metric of constant curvature −1 and H with the product metric. By the Chern-Gauss-Bonnet theorem, any fake quadric X uniformized by H has volume vol(X) = 16π 2 in the induced metric. Conversely, every irreducible torsion-free lattice in Isom h (H) of covolume 16π 2 acting by holomorphic isometries necessarily determines a fake quadric. We then classify all maximal irreducible lattices in Isom h (H) that can possibly contain a torsion-free subgroup of covolume 16π
2 . The entries in the Appendix are indexed by commensurability class, so the torsion-free subgroups of the lattices in the Appendix with the appropriate index describe all irreducible fake quadrics. In a sequel, analogous to the work of CartwrightSteger [12] , we will explicitly present the fundamental groups of fake quadrics that occur in each such commensurability class and study the geometry and topology of the quotients in more detail.
Previous papers studying covolume for forms of SL 2 rely heavily on the classic paper of Chinburg-Friedman [14] on the smallest volume arithmetic hyperbolic 3-orbifold. Their methods are based upon finding an upper bound for the degree over Q of the field of definition for the arithmetic group, deducing upper bounds for the order of a certain class group, and then reducing the classification to a finite calculation. In this paper, crucially we present a two-pronged variant of the Chinburg-Friedman method (Theorem 3.4) where one bound is preferable for fields of large degree, the other preferable in small degree but potentially large class number (the main technical obstruction found in previous work). This is still not sufficient to complete the classification, and our second method is the Fuchsian gambit (Proposition 3.9), which exploits the geometry of a closely related Shimura curve and the classical expression for its signature to bound the order of a certain class group.
Relation with previous work. The basic strategy of this paper was used for classification purposes in several other important contexts. Most notably, Chinburg-Friedman [14] determined the arithmetic hyperbolic 3-orbifold with smallest volume, ChinburgFriedman-Jones-Reid [16] found the arithmetic hyperbolic 3-manifold of minimal volume, and Prasad-Yeung [31] and Cartwright-Steger [12] classified fake projective planes with this circle of ideas. Prasad-Yeung also considered higher-dimensional fake spaces [32, 33] . Belolipetsky [4] and Belolipetsky-Emery [6] also studied higher-dimensional hyperbolic orbifolds and manifolds; see also the recent survey by Belolipetsky [5] and the references therein.
Independently, Džambić [17] obtained bounds on the degree of a totally real field k giving rise to an irreducible fake quadric under the additional hypothesis that the fundamental group is stable in the sense described above. Unfortunately, even when restricting Geometry of fake quadrics. This section describes the basic results on fake quadrics we use. A good reference is the book of Griffiths-Harris [21] .
Let X be a smooth projective surface. The real cohomology of X then has a Hodge decomposition
If c j (X) is the jth Chern number of X, then c 2 (X) is the topological Euler characteristic and c 2 1 (X) is the self-intersection of the canonical bundle of X. These quantities are related by Noether's formula:
A fake quadric is a smooth projective surface X with the same rational cohomology as Q = P 1 C × P 1 C but not isomorphic to it. If X is a fake quadric, then X has geometric genus p g (X) = h 0,2 (X) = 0 and χ(X) = 1. If H 2 = {z = x + yi ∈ C : y = Im(z) > 0} is the upper half-plane model for hyperbolic 2-space, equip H 2 with the metric ds 2 = (dx 2 + dy 2 )/y 2 , so that H 2 has constant negative curvature −1. Let H = H 2 ×H 2 and G = Isom h (H) be the group of holomorphic isometries of H (see §2 for more on this group) and Γ ≤ G be a torsion-free, discrete subgroup such that the quotient X = Γ\H is compact. Then X is a smooth projective surface. Hirzebruch's proportionality principle [22] says that the ratio
C is the compact complex dual to H. It follows that c 2 1 (X) = 2c 2 (X), and hence, by (1.1), c 2 (X) = 4χ(X).
A surface X = Γ\H as above is irreducible if it is not finitely covered by a direct product of (complex) curves. If X is irreducible, then a theorem of Matsushima-Shimura [28] implies that H 1 (X, Q) = {0}, so h 0,1 = h 1,0 = 0. Applying the Chern-Gauss-Bonnet theorem, we find that
Putting these together, we have shown that if X is an irreducible fake quadric, then:
Furthermore, the the latter equality plus irreducibility is sufficient for the converse.
is a torsion-free lattice and X = Γ\H is compact and irreducible. Then X is a fake quadric if and only if vol(X) = 16π
2 .
Therefore, our task of classifying fake quadrics becomes the problem of enumerating torsion-free lattices Γ ≤ Isom h (H) such that vol(Γ\H) = 16π 2 .
Number fields and quaternion algebras. Basic references for quaternion algebras are Maclachlan-Reid [27] and Vignéras [37] . Let k be a number field with degree n = [k : Q], signature (r 1 , r 2 ), absolute discriminant d, and root discriminant δ = d 1/n . Also, let O k be the ring of integers of k and ζ k (s) its Dedekind zeta function. We let w be the number of roots of unity contained in k, h be the class number, and Reg be the regulator of k.
If O 
A quaternion algebra B over k is a central simple algebra of dimension 4 over k, or equivalently, a k-algebra with generators i, j ∈ B such that
with a, b ∈ k × . An algebra described in by i, j as above is denoted B = a, b k . A quaternion algebra B over k has a unique (anti-)involution : B → B such that the reduced trace trd(α) = α + α and the reduced norm nrd(α) = αα belong to k for all α ∈ B.
Let v be a place of k and k v denote the completion of k at v. Then B is split at v if
, and otherwise B is ramified at v (in which case B v is a division ring). The set Ram(B) of ramified places of B is a finite set of noncomplex places of 4 k having even cardinality. Further, the set Ram(B) uniquely characterizes B up to kalgebra isomorphism. Let Ram ∞ (B) (resp. Ram f (B)) be the infinite (resp. finite) places of k in Ram(B).
An order O ⊂ B is a subring of B (with 1 ∈ O) that is finitely generated as an O ksubmodule and that contains a basis for B over k. An order is maximal if it is not properly contained in another order. Every order is contained in a maximal order, and there are finitely many maximal orders in B up to conjugation by B × .
ARITHMETIC LATTICES AND QUATERNION ALGEBRAS
In this section, we describe the construction of lattices arising from quaternion algebras. We retain the notation from §1. In particular, k is a number field and B is a quaternion algebra over k.
Lattices potentially yielding fake quadrics. Suppose that B splits at precisely a real places and let b = r 2 . Then
where H is the real division algebra of Hamiltonian quaternions. Let ι : B R ֒→ M 2 (R) a be the embedding obtained by composing the above map with the projection onto the factor
Then Γ O is a lattice by Borel and Harish-Chandra [9] , and the image of Γ O under projection onto any proper factor of G a,b is topologically dense. In this paper we are interested in subgroups acting discretely on H = H 2 × H 2 . Therefore, to construct fake quadrics we take a = 2. Accordingly, we suppose from now on that k is totally real and B is ramified at all but exactly two real places of k. In particular,
A (discrete) subgroup Γ ≤ Isom(H) commensurable with Γ O for some maximal order O ⊂ B (in the narrow sense, with the intersection having finite index in each group) is called an arithmetic lattice in Isom(H). An arithmetic lattice Γ is reducible if it contains a finite index subgroup Γ ′ ≤ Γ such that Γ ′ ∼ = Γ 1 × Γ 2 is isomorphic as a group to a product of groups with each Γ i ≤ Isom(H 2 ) a Fuchsian group. This paper is concerned only with irreducible arithmetic lattices, and by the arithmeticity theorem of Margulis and the classification of k-forms of PGL 2 , all irreducible arithmetic lattices are indeed obtained from the above construction.
Let Isom h (H) be the subgroup of Isom(H) consisting of holomorphic isometries, Γ ≤ Isom(H) be an arithmetic lattice, and
Then X has the structure of a complex orbifold of dimension 2. By the Godement compactness criterion, X is compact (equivalently, Γ is uniform) if and only if B is a division algebra over k (equivalently, Ram(B) = ∅). We summarize the above discussion with the following lemma. 
By the de Rham decomposition theorem, G is generated by σ and the stable subgroup
The group Isom(H 2 ) ∼ = PGL 2 (R) is generated by PGL + 2 (R) acting by linear fractional transformations and the orientation-reversing isometry ρ(z) = −1/z of negative determinant. Therefore
, then the corresponding orientation-preserving isometry acts on each factor by an orientation-reversing isometry.
Notice that such an isometry does not act holomorphically on H. Finally, inside G * is the subgroup
Therefore, we have inclusions 
by holomorphic isometries if and only if it is contained in
Isom h (H) = σ, PGL + 2 (R) × PGL + 2 (R) , and Isom h (H) ∩ G * = G + . CriticalN G (Γ st ) ∩ G * ≤ ι(B × /k × ).
Moreover, there exists a lattice
and τ interchanges the two real places of k that split B and
Proof. Suppose that α ∈ G * normalizes Γ st . One way to prove the first statement is to note that α lies in the commensurator of Γ st ∩ G * in G * then apply a result of Borel [8, Thm. 3(b) ] which implies that the commensurator in G * of any arithmetic subgroup of G * commensurable with Γ st ∩ G * equals ι(B × ). We give another proof, which is useful for the proof of the second part. Consider
where B 1 ≤ B × is the subgroup of units with reduced norm 1. Then
We have a central exact sequence
We claim that, replacing Γ st with a subgroup of finite index, we can assume that ∆ 
2 is an embedding, so conjugation by α defines a k-algebra automorphism φ α ∈ Aut K (B). By the Skolem-Noether theorem, there exists β ∈ B × such that φ α (x) = βxβ −1 for all x ∈ B. Thus ι(β)α −1 centralizes ∆ 1 st , and G * has no center, so α ∈ ι(B × ) as claimed. For the second statement, choose γ ∈ Γ not in G * . Recall that γ is of the form gσ for some g ∈ G * and σ the swap map. Passing to a group ∆ 1 st as above, we see that γ defines an automorphism φ γ of B that is Q-linear but not k-linear. More specifically, φ γ is the composition of an element τ of Aut(k/Q) that swaps the two real places of k that split B and a k-automorphism of B. Again, Skolem-Noether implies that there is some
Since the action of τ on B × projects to the swap map σ, we see in the same way as above that τ (Γ st ) is conjugate to Γ st by an element of
. This proves that (i) and (ii) hold.
Conversely, if conditions (i) and (ii) hold with
, conjugation by σ is the same as the action of τ , and it follows that ρ normalizes Γ st . In particular, the subgroup of G generated by ρ and Γ is a lattice, since the normalizer of Γ in G is a lattice, and hence is a finite extension of Γ st .
Example 2.4. In Theorem 2.3, if τ (Γ st ) = Γ st , then we obtain Γ by adjoining the swapping map σ itself.
Remark 2.5. It is possible to find a group where τ (Γ st ) = Γ st as follows. Assume for simplicity that k is Galois over Q. Take an Eichler order O of square-free level N such that τ (O) is isomorphic but not equal to O. For example, take an Eichler order O of level N = τ (N) with τ ∈ Gal(k/Q) interchanging the two real places and such that τ (O) = O. Such a Galois-invariant order always exists. Now let
′ . Therefore, the above construction applies. It would be interesting to understand a necessary and sufficient condition for this to be a torsion-free extension of Γ st .
Maximal arithmetic lattices and torsion. Let Γ ≤ G be a lattice. Then Γ is contained in a maximal lattice [8] , and our strategy is based upon enumerating maximal arithmetic lattices with bounded covolume, then finding which of these lattices contain a subgroup isomorphic to the fundamental group of a fake quadric. Therefore, we need to understand the maximal lattices in G * , which are described as follows. Suppose that the commensurability class of arithmetic lattices associated with the totally real field k and k-quaternion algebra B produces a fake quadric X = Γ\H. Let Γ st = Γ ∩ G * be the stable subgroup of Γ. Then Γ st is contained in one of the maximal arithmetic lattices Γ S,O defined via Bruhat-Tits theory [7] (see also Furthermore, the quotient X = Γ\H is smooth if and only if Γ is torsion-free. Consequently, we need to understand torsion elements in Γ in terms of arithmetic invariants of B. This comes from the following. For s ∈ Z ≥1 , we let ζ s be a primitive root of unity of order s (in an algebraic closure k of k).
Before stating our next result we require some additional terminology. Let B be a kquaternion algebra, L a quadratic field extension of k which embeds into B and Ω ⊂ L a quadratic O k -order. We say that Ω is selective (with respect to B) if Ω does not embed into all maximal orders of B. Proposition 2.6. Let k be a totally real field and let B be a quaternion division algebra over k ramified at all but exactly two real places of k. Let O ⊂ B be a maximal order and set
Then the following are equivalent:
Proof. The equivalence of (ii) and (iii) is a standard local-global principle for B. To ensure that in fact we can take ζ 2m ∈ O × , we need only rule out the possibility that O k [ζ 2m ] is selective with respect to B, and for this we appeal to a result of Chinburg-Friedman [15, Theorem 3.3] . The extension k(ζ 2m )/k is a totally imaginary quadratic extension of a totally real number field, and B is unramified at precisely two real places. This rules out the possibility of selectivity and concludes our proof.
We then have the following immediate consequence. Determining when an arbitrary lattice Γ contains an element of finite order is considerably more nuanced. However, for stable maximal arithmetic lattices, the problem is completely solved by a theorem of Chinburg-Friedman [13, Theorem 3.3] . The following states their result in the special case we need for this paper. 
r and l is a prime of O k over ℓ with l ∈ Ram(B) ∪ S, then the absolute ramification index e l is divisible by ϕ(m), where ϕ is the Euler totient function. (iii) For each prime p in S at least one of the following holds:
• p divides a rational prime ℓ ≥ 3 and n = 2ℓ
r and e p is not divisible by ϕ(m); or • p divides a rational prime ℓ ≥ 2 and m = ℓ r .
GENERALIZING A VOLUME INEQUALITY OF CHINBURG AND FRIEDMAN
In this section, we revisit an inequality due to Chinburg-Friedman [14, Lemma 4.3] , which provides a lower bound for the volume of an orbifold in the commensurability class determined by a quaternion algebra B over a number field k in terms of the arithmetic invariants of B. We expect that our improved bounds will be of use to those working on a wide variety of problems related to the volumes of arithmetic groups derived from quaternion algebras and therefore we prove a slightly more general result than is needed for the present paper.
For ease of comparing our results to those of Chinburg-Friedman, we recall their notation. Let a, b ≥ 0 be non-negative integers with a + b ≥ 1 and define
b is the subgroup of the isometry group of H a,b preserving the factors and acting by orientation-preserving isometries on the H 3 factors. Equip H 2 , H 3 with the metric of constant curvature −1. Given an irreducible subgroup Γ of G a,b with finite covolume, we let µ(X) denote the volume of the quotient orbifold X = Γ\H a,b .
We retain the notation from section 2, letting k be a number field of degree n = [k : Q] with signature (r 1 , r 2 ) and r 2 = b and a ≤ r 1 . Let B be a quaternion algebra defined over k that is unramified at precisely a real places of k. and h(k, 2, B) be the degree over k of the maximal unramified elementary 2-abelian Galois extension of k in which all primes in Ram f (B) split completely. Define
where K(B) is the maximal 2-elementary Galois extension of k that is unramified outside
, 
Chinburg-Friedman [14, Lemma 4.3] show that µ(X) > 0.69 exp 0.37n − 19.08 h (k, 2, B) , independent of a, b. The main result of this section is the following pair of lower bounds for µ(k, B). The first of the two bounds is most useful for ruling out fields of large degree, and is a strengthening of [14, Lemma 4.3] . The second bound is useful for ruling out large h(k, 2, B) when n is small, and has no analogue in previous work on volume bounds. 
Substituting this into (3.1), taking logarithms, and simplifying yields:
+ n log (2π)
We now define a quantity T (s, y) such that
+ n log (2π) 
and K is the maximal elementary 2-abelian unramified Galois extension of k in which all prime ideals of Ram f (B) split completely. Let n K denote the degree of K over Q and write n K = r 1 (K) + 2r 2 (K), where r 1 (K) is the number of real places of K and r 2 (K) the number of complex places. We also assume p is a prime not equal to 2, s > 1, and define:
In the definition ofĵ, the minimum is over integers f such that N(P K
In the case where p = 2, there are two cases. We take:
with t(s, y, 2, f, r) the same as above. Finally, we fix a prime p 0 > 2 and define:
Then, equation (4.1) in [14] , which is equivalent to positivity of the sum appearing in the definition of t, givesĵ
(note the minor typo there, where 1.4 should be replaced by s in the right hand side). Notice that the second term is an increasing function of f /r ∈ Z. As noted in the proof of [14, Lem. 4.1], if f /r = 1 never occurs and 3 ≤ p ≤ p 0 , then we can replace the above bound withĵ
11 for any such p. Lastly, K has [K : k] = h(k, 2, B) and r 1 (K)/n K = r 1 /n, so we have
To get the two bounds in the statement of the theorem, take s = 1.4, y = 0.1, and p 0 = 97 for the first and s = 1.35, y = 0.000001, and p 0 = 691 for the second.
Recall that in this paper we are interested in the case where a = 2 and b = 0, with the setting as in section 3. Proposition 3.3 and Theorem 3.4 then imply the following. Corollary 3.6. Let k be a totally real field and let B be a quaternion algebra over k that is split at exactly two real places of k. If Γ ∈ C (k, B) and X = Γ\H, then
, As an application of Corollary 3.6 we deduce our first upper bound for the degree n of a totally real field such that there is a quaternion algebra B over k and Γ ∈ C (k, B) having covolume at most 32π 2 . Proof. Recall that h(k, 2, B) divides the order of the 2-part of the ideal class group of k, hence must be a power of two. Therefore, we can replace the numeric bound for h(k, 2, B) coming from Corollary 3.6 with the next smallest power of two. The assertion that n ≤ 38 and the bounds on h(k, 2, B) for 7 ≤ n ≤ 38 follow immediately from Corollary 3.6, the regulator bound Reg ≥ 0.0062e 0.738n due to Friedman [19] , and the trivial bound
Corollary 3.7. With hypotheses as in Corollary 3.6, if further
For n = 5, 6, we use the stronger regulator bounds also due to Friedman [19, Table 4 ].
We will need one further technique to bound the size of the normalizer. We will consider a quaternion algebra ramified at one more real place than B, and hence will obtain a Shimura curve. In this case, a bound on the area by the classical expression for the signature of a Fuchsian group implies a nontrivial bound on the size of the normalizer of the original lattice. We state our result only for algebras unramified at exactly two real places of k, but it is clear how one can generalize these methods to algebras unramified at more real places. 
Proposition 3.9 (The Fuchsian gambit). Let Γ ≤ Isom h (H) be a lattice with associated quaternion algebra
Let ∆ * be a maximal lattice containing ∆ 1 . From an explicit understanding of the normalizer group, something that only depends on the class group of k and the level [ 
. Now for a Fuchsian group of area ≤ (2π)a, the formula for the coarea in terms of the signature
determines the maximum 2-rank of ∆ * /∆ * 2 with signature (0; 2, . . . , 2), which is k − 1 where
However, ∆ * /∆ 1 is an elementary abelian 2-group, so
The other calculations for part (a) are similar. For part (b), we instead take B ′ to be the quaternion algebra augmenting the ramification set of B by both p and a real place, and we take O ′ to be an Eichler order with level N/p. Now we have
The result follows from a similar argument to the first part. 14 
ENUMERATING FIELDS AND FAKE QUADRICS
We now describe Borel's formula for the covolume of Γ S,O \H. Let ω 2 (B), K(B), and h(k, 2, B) be as above. Recall that H 2 is equipped with its metric of constant curvature −1 and H with the product metric. For a lattice Γ ∈ Isom(H), by vol(Γ\H) or covol(Γ) we always mean the measure of Γ\H in this metric.
Let
for some integer ν with 0 ≤ ν ≤ #S; the integer ν is given explicitly by class field theory, as explained by 
In this section, we prove some further restrictions on the totally real field k associated with an irreducible fake quadric, then we explain our methods for computing the possible commensurability classes of irreducible arithmetic subgroups of Isom + (H) containing a fake quadric.
Further restrictions on k. Let k be a totally real field and B be a quaternion algebra defined over k that is unramified at exactly two real places of k. In this section we will enumerate the totally real fields k for which C (k, B) contains a group with covolume less than 32π
2 . We prove the following. We begin the proof of Theorem 4.3 by showing that n ≤ 8. Note that it already follows from Corollary 3.7 that n ≤ 38. We handle the most difficult cases, where n ≤ 10, and leave the proof for larger degrees, which follow the same lines of reasoning, to the reader. (See work of Linowitz-Voight [25] for an earlier application and further elaboration for the combined techniques employed here.) Proposition 4.5. If Γ ∈ C (k, B) has covolume less than 32π 2 , then n = 10.
Proof. If n = 10 then Corollary 3.7 shows that h(k, 2, B) ≤ 2 4 = 16. Combining this with the trivial bounds ω 2 (B) ≤ 10, m ≤ 9, ζ k (2) ≥ (4/3) ω 2 (B) and
, we see from (4.2) that δ ≤ 30.386. The discriminant bounds of Odlyzko [29] and Poitou [30] (see also Brueggeman-Doud [11, Theorem 2.4]) imply that a totally real field of degree 10 with at least 6 primes of norm 2 must have root discriminant at least 33.498, hence ω 2 (B) ≤ 5. Applying (4.2) again shows that δ ≤ 26.545. A totally real field of degree at least 40 must have root discriminant at least 30.890, hence the class number h of k satisfies h ≤ 3. As h(k, 2, B) ≤ h and h(k, 2, B) is a power of two, we have h(k, 2, B) ≤ 2. Applying the arguments above once more shows that ω 2 (B) ≤ 3 and δ ≤ 21.892.
In order to proceed we will apply the following theorem of Armitage-Fröhlich [1] .
Theorem 4.6 (Armitage-Fröhlich).
Let h 2 denote the rank of the 2-part of the ideal class group of k and m be defined as above. Then
An immediate consequence of Theorem 4.6 is that m ≤ 6, hence δ ≤ 19.058. A totally real field of degree at least 20 has root discriminant at least 21.401, hence h = h(k, 2, B) = 1. Therefore m ≤ 5 and δ ≤ 17.376. Recall that if k is a totally real field of degree n, class number h and 2-rank of totally positive units modulo squares equal to m, then the narrow class field of k has degree nh2 m . If m = 5 then applying the Odlyzko bounds to the narrow class field, we would have δ ≥ 19.382, whereas (4.2) implies δ ≤ 17.376. This contradiction shows that m ≤ 4. The same argument shows that m ≤ 3, hence δ ≤ 15.842. A totally real field of degree 10 with at least 2 primes of norm 2 must have root discriminant at least 17.607, hence ω 2 (B) ≤ 1 and δ ≤ 15.008. Repeating this argument once more shows that ω 2 (B) = 0 and δ ≤ 13.949. Voight [39] showed that there are no totally real number fields of degree 10 and root discriminant less than 14, hence n = 10.
Proposition 4.7. If Γ ∈ C (k, B) is torsion-free and has covolume a submultiple of 32π
2 then n = 9.
Proof. We know from Corollary 3.7 that h(k, 2, B) ≤ 2 10 = 1024. The trivial bounds
show, via (4.2), that δ ≤ 42.424. A totally real field of degree at least 288 = 9 · 2 5 must have root discriminant at least 50.176, hence h(k, 2, B) ≤ h ≤ 2 4 and δ ≤ 31.176. A totally real field of degree 9 containing at least 6 primes of norm 2 must have root discriminant at least 33.182, hence ω 2 (B) ≤ 5 and δ ≤ 27.647. Applying the Odlyzko bounds to the Hilbert class field of k shows that h(k, 2, B) ≤ h ≤ 2. Theorem 4.6 now implies that m ≤ 5, allowing us to conclude that δ ≤ 20.317. Repeating these arguments and applying the Odlzyko bounds to the narrow class field of k (a number field of degree 9 · 2 m ) shows that ω 2 (B) ≤ 1, h = 1, m ≤ 3 and δ ≤ 15.445.
Let Γ * ∈ C (k, B) be a maximal arithmetic subgroup containing Γ and suppose that Γ * has covolume at most 32π 2 /3. In this case (4.2) shows that δ ≤ 14.238. All totally real fields of degree 9 and root discriminant less than 15 were enumerated by Voight [38] , and an easy computation shows that all satisfy m ≤ 1. This improves our bound to δ ≤ 12.849. As every totally real field of degree 9 has root discriminant at least 12.869, we conclude that the covolume of Γ * is either 32π 2 or 16π 2 . To conclude our proof it now suffices to show that Γ * contains an element of order 3. We first show that B must be ramified at precisely one prime of k of norm 2 and at no other finite primes. Suppose not. Poitou's bounds imply that a totally real field of degree 9 containing primes of norms 2 and 3 must have root discriminant at least 15.685. Since we already showed that δ ≤ 15.445, we conclude that either B ramifies at a prime of norm 2 and two primes of norm at least 4, or else B ramifies at no primes of norm 2 and a prime of norm at least 3.
If B ramifies at a prime of norm 2, we conclude from (4.2) that δ ≤ 14.545. We already saw that all totally real fields of degree 9 with root discriminant less than 15 satisfy m ≤ 1. This allows us to improve our bound to δ ≤ 13.938. No totally real field of degree 9 with root discriminant less than 13.938 contains a prime of norm 2, which is a contradiction. Now, suppose that B ramifies at no primes of norm 2. It therefore ramifies at a prime of norm at least 3. Equation (4.2) shows that δ ≤ 14.988, hence m ≤ 1 (as noted above). This improves our bound to δ ≤ 13.525. There are only two totally real fields of degree 9 with root discriminant this small, and neither contains a prime of norm less than 19. Therefore δ ≤ 11.494. However, there are no totally real fields of degree 9 and root discriminant less than 11.494. This contradiction proves our claim that B is ramified at precisely one prime of norm 2 and no other finite primes of k.
We now show that Γ * contains an element of order 3. Since Γ * is a maximal arithmetic subgroup it is of the form Γ S,O for some finite set S of primes of k (disjoint from Ram f (B)) and some maximal order O of B. We claim that S = ∅. Indeed, if S is not empty then the Poitou bounds yield a contradiction to the fact that δ ≤ 15.445 unless S contains a prime of norm at least 4. Equations (4.1) and (4.2) allow us to find a contradiction by arguing exactly as above. We can therefore assume that Γ * = Γ O for some maximal order O of B. Since B is ramified at precisely one prime of norm 2 and no other finite primes of k, our claim that Γ * contains an element of order 3 follows from Theorem 2.6 and the fact that 2 is inert in Q(ζ 3 )/Q. Proposition 4.8. If n = 8 and Γ ∈ C (k, B) has covolume at most 32π 2 then δ ≤ 14.262.
Proof. We know from Corollary 3.
. From this we conclude, via (4.1) and the trivial estimates
, that δ ≤ 51.102. The Odlyzko bounds imply that every totally real number field of degree at least 8 · 2 6 has root discriminant greater than 53. Proof. We begin with the case in which B is ramified at a finite prime p of k. Let Γ * be a maximal arithmetic group containing Γ and Γ 1 be the group of norm one units in the Eichler order associated to Γ * . Proposition 3.9 shows that covol(Γ 1 ) ≤ 2 12 · 32π 2 if Np ≥ 3 and that covol(Γ 1 ) ≤ 2 20 · 32π 2 when Np = 2. In the former case [7, §7.3] shows that
whereas in the latter case we obtain (employing the estimate ζ k (2) ≥ 4/3, which follows from the Euler product expansion of ζ k (s))
In the former case we deduce that δ ≤ 46.377 and in the latter case we have δ ≤ 111.391. Since a quaternion algebra over k must ramify at an even number of primes, there exists a prime q = p such that B ramifies at q as well. If Nq > 2 then we have δ ≤ 46.377 as above. Suppose now that Nq = 2. In this case the class field associated to h(k, 2, B) is totally real of degree 4 · h(k, 2, B) and has at least 2h(k, 2, B) primes of norm 2. 
.
By considering the Euler product expansion of ζ k (s), one sees that ζ k (2) ≥ (4/3) ω 2 (B) . We also note the trivial estimates ω 2 (B) ≤ n, m ≤ n − 1, h(k, 2, B) ≤ h. Combining all of these estimates with (4.2) proves the proposition.
Enumerating maximal arithmetic subgroups containing fake quadrics. We now know that the field of definition of a fake quadric is a totally real field of degree 2 ≤ n ≤ 8. Now we describe how one enumerates all maximal arithmetic subgroups of Isom(H) that can contain the stable subgroup of the fundamental group of a fake quadric. All of the computations described in this section were carried out with MAGMA [10] .
Recall that a maximal arithmetic subgroup Γ S,O of PGL 2 (R) × PGL 2 (R) defined over k has covolume (4.14)
for some integer s with 0 ≤ ν ≤ |S|. All of these quantities are easily computed with MAGMA. We remark that because K(B) is the maximal abelian extension of k with 2-elementary Galois group that is unramified outside of Ram ∞ (B) and in which all primes of Ram f (B) split completely, we can use computational class field theory to compute
It is trivial to enumerate all real quadratic fields with root discriminant less than 118.436, and in degrees 3, . . . , 8 all of the totally real fields satisfying the root discriminant bounds (4.4) were enumerated by Voight [39] . Fix one such field k. Using (4.14) we compute all possible sets Ram(B) and S for which the right hand side of (4.14) is at most 32π 2 . Here Ram(B) is a set of even cardinality consisting of finite primes of k and n − 2 real places of k, and S is a set of finite primes of k none of which lie in Ram(B).
If Γ st is the stable subgroup of the fundamental group Γ of a fake quadric, then Γ st is contained in a maximal arithmetic group Γ S,O (where O is a maximal order of the quaternion algebra B over k defined by the ramification set Ram(B)). Then covol(Γ st ) = 32π
2 if Γ st is properly contained in Γ and covol(Γ st ) = 16π
2 if Γ = Γ st . In particular:
It follows that we need only consider those sets Ram(B) and S for which the associated group Γ S,O has covolume an integral submultiple of 32π 2 . We note that in many cases, Theorem 2.3 implies that Γ cannot properly contain Γ st . For instance, this is necessarily the case when # Aut(k/Q) = 1. In these cases it follows that Γ = Γ st , covol(Γ st ) = 16π 2 37] , and this quantity is referred to as the type number t B of B. Using the methods described above, we see that all but four of the quaternion algebras B that we need to consider have type number equal to one. It follows in these cases that the conjugacy class of Γ S,O does not depend on the chosen maximal order O of B. When t B > 1 there will be t B conjugacy classes of maximal arithmetic groups arising from B that must be considered.
The process described above yields a large number of maximal arithmetic groups. While it is possible that each of these groups contains a subgroup of covolume 16π 2 or 32π 2 , not all of these groups may contain torsion-free subgroups of these covolumes. Suppose for instance that Γ S,O contains elements of finite orders m 1 , . . . , m t . (Note that, because only finitely many cyclotomic extensions embed into the quaternion algebra B, there are only finitely many possible orders of an element of Γ S,O of finite order.) If Γ is a finite index subgroup of Γ S,O that is torsion-free then we necessarily have that 
APPENDIX
In this appendix we list maximal arithmetic subgroups of PGL 2 (R) × PGL 2 (R) that may contain the stable subgroup of the fundamental group of an irreducible fake quadric. Since the number of these commensurability classes is large, we employ some shortcuts in how we record our results, which we now describe.
We group maximal stable arithmetic subgroups first by the data n, d, D, N where n = [k : Q] is the degree of the underlying totally real field k and d is its discriminant (for the commensurability classes below, the discriminant uniquely determines the field); the associated quaternion algebra B is specified by the absolute norm D = N(D) of its discriminant D, and the Eichler order E ⊂ B is specified by the absolute norm N = N(N) of its level N. There are only finitely many possibilities for k, B, O with this data, and they are explicitly given in the computer readable output available from the authors' websites. We then list the total number of maximal subgroups up to conjugacy with this data: there may be many, as both the possible choices of split ramified real places for B and the type number of the order are accounted for.
In each line of the tables, we provide a bit more data about the groups. First, we compute the covolume of the maximal stable arithmetic group with the specified data. Second, we compute the index of the maximal holomorphic stable group inside the maximal stable group-in nearly all cases, this index is 4 (coming from elements acting by orientation-reversing isometry on each of the two factors of H). Third, we compute the least common multiple of the orders of the elements of finite order in Γ S,O . Fourth, we compute the number 0 ≤ ν ≤ |S| that appears in (4.14) using class field theory [27, p. 356] . Finally, the last column records ⋆ if it is guaranteed that Γ = Γ st ; otherwise, we leave this entry blank, indicating that it is possible that there are unstable fake quadric groups Γ with this data.
Remark 4.16. We now make some remarks on the discrepancies between our work and Džambić's [17] on fake quadrics defined over quadratic fields. Any lattices in our paper that are not stable will not appear in [17] . Unfortunately, our tables also differ for stable lattices. We found that the entry [Q( √ 5), v 2 v 31 , ∅, 2] in [17, Thm. 3.15] , and similarly for v ′ 31 , cannot produce fake quadrics, even in the generality discussed in this paper. We quickly explain how our index calculations should differ from those of [17] when N = 1, i.e., for Γ O . It is easy to see, using Eichler's theorem on norms, that the index of Γ + O in Γ O is equal to 2 when the narrow class number h + equals the class number h, since we can find an element of O * with reduced norm to k that is negative at each real place of k, but cannot find one that is negative at exactly one real place. Otherwise, h + = 2h and Γ + O has index 4 in Γ O , since we can find elements of O * with reduced norm of chosen sign at each real embedding. When there is the possibility that the lattice has proper stable subgroup, we report the index in Γ O of a (potential) lattice of covolume 32π
2 . In this case, our index should be 4 times the index I from [17] when h + = h and 8 times Džambić's I when h + = 2h. When Γ O is stable, we report the index of a (potential) subgroup of covolume 16π
2 , so our index should be 2I when h + = h and 4I when h + = 2h. This, plus the index of Γ 
